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Resources and references

• Notes from lectures

• Internet

web.vscht.cz/bernauem/

• Textbooks

Fogler Scott H.: Elements of Chemical Reaction Engineering, 4th Edition, Prentice

Hall, 2006. (http://www.engin.umich.edu/~cre/)

Missen R.W., Mims C.A., Saville B.A., Introduction to Chemical Reaction 

Engineering and Kinetics, J. Wiley&Sons, N.Y. 1999.

• Journals (on-line)

• Software

MS Excel, (Matlab, Octave, Athena Visual Studio, FORTRAN,

Maple….) 

http://www.engin.umich.edu/~cre/


Chemical reactor(s)  heart of 

chemical process

Raw material separation  reaction  separation  product 

Fischer-Tropsch (SASOL, RSA ) WGS (BASF, FRG)

Methane aromatization (ICTP, CZ)

N2O decomposition (IPC AS, CZ)
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Summary of the 1st lecture

• Stoichiometry
• Extent of reaction
• Fractional conversion of key component
• Stoichiometric matrix
• Balance of chemical elements
• Selectivity, Yield
• Reaction rate definition



2NO  N2 +  O2 closed (batch) system

Stoichiometry
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-2NO + O2 + N2 = 0
Symbols for species NO = A1 O2 = A2 N2 = A3

Stoichiometric coefficients 1 = -2 2 = 1 3 = 1
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Molar extent of the reaction  [ksi:] 
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From the definition of the reaction extent follows:

1. The reaction extent has the dimension of moles (number of molecules)

2. The reaction extent value depends on stoichiometry of reaction

3. The reaction extent is an extensive variable



t = 0 t > 0

Reaction extent for a single reaction in closed (batch) system 
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Example

2NO  N2 +  O2
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Fractional conversion of key component, j
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Stoichiometric matrix in the case of several reactions
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Problem 1.1

Oxidation of ammonia on Pt-Rh catalyst 

NH3 + 1.25 O2  NO + 1.5H2O (1)

NH3 + O2  0.5 N2O + 1.5H2O (2)

NH3 + 0.75O2  0.5 N2 + 1.5H2O (3)

Task: To write down the stoichiometric matrix.

A1 A2 A3 A4 A5 A6

Reaction NH3 O2 NO N2O N2 H2O

(1) -1 -1.25 1 0 0 1.5

(2) -1 -1 0 0.5 0 1.5

(3) -1 -0.75 0 0 0.5 1.5



Molar balance table of component in closed (batch) system

Component t = 0 t  > 0 
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Independent  reactions

Set of NR reactions in reaction network is independent if   

Rank()=NR

or

number of independent  reactions = Rank()



Problem 1.2

NH3 + 1.25 O2  NO + 1.5H2O (1)

NH3 + O2  0.5 N2O + 1.5H2O (2)

NH3 + 0.75O2  0.5 N2 + 1.5H2O (3)

2NO                 N2 + O2 (4)

Task: To calculate the number of independent reactions.

We determine the rank of stoichiometric matrix by Gaussian elimination:

1 1.25 1 0 0 1.5 1 1.25 1 0 0 1.5

1 1 0 0.5 0 1.5 0 0.25 1 0.5 0 0

1 0.75 0 0 0.5 1.5 0 0.5 1 0 0.5 0

0 1 2 0 1 0 0 1 2 0 1 0
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Extent of the reaction in a flow system
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A reaction is at steady-state if the concentration of all species in each

element of the reaction space (i.e. volume in the case of homogeneous

reaction or surface of catalyst in the case of catalytic heterogeneous

reaction) does not change in time.



Balance of chemical elements
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Formula matrix E

N components 

N=6

N H O

NH3 1 3 0
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Molar* weight (relative molecular mass) of i-th species:
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*The mole is the amount of substance of a system which contains as many elementary 

entities as there are atoms in 0.012 kilogram of carbon 12. 

Avogadro constant = 6.022 141 29(27) × 1023 mol−1 (http://www.nist.gov)

http://www.nist.gov/


Balances  of atoms in batch and flow systems
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Problem 1.3

Selective reduction of NOx by C3H8

NO NO2 CO C3H8 CO2 H2O O2 N2
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We obtain using Excel (homework 1)

NO NO2 CO C3H8 CO2 H2O O2 N2

4.563 0.1845 0 2.943 0 0 90 0

2.2905 2.3355 0 2.898 0.135 0.18 88.76 0.061
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Selectivity
Moles of a particular product generated per mole of key reactant consumed

Yield
Moles of a particular product generated per one initial mole of key reactant

Component t = 0 t  > 0 
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Reaction rate

(IUPAC Gold Book = rate of conversion )
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      O bjective function    

m inim ization of  =  least squares solutio n of overdefined system  (N >N R )
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We measure usually the rates of generation (consumption) of 

components R and we want to calculate r

Problem 1.4

Steam reforming of methane (5 species, N=5, 2 reactions, NR=2)

1        2          3        4

CH4 + H2O  CO + 3H2 (1)

5

CO  + H2O  CO2 +  H2 (2)

Measured R : (-0.97572, -2.88778, -1.02127, 4.832804, 2.078537)T   (mol/s)
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Specific reaction rate

The reaction rate        is, like    , an extensive property of the system,  a specific rate (intensive 
property)  is obtained by dividing       by  the total volume, mass, surface of the system:   
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Rule 1: The rate function r at constant temperature generally 

decreases in monotonic fashion with time (or extent or conversion).

Rule 2:  The rate of irreversible reaction can be written as
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Problem 1.5 (homework 2) 

In flow catalytic reactor the synthesis of methanol is carried out

CO(g) + 2H2(g)  CH3OH(g)

The inlet mass flow rate of CO is 1000 kg.h-1 of CO and the inlet flow rate of 

hydrogen is supplied so that the inlet molar ratio H2:CO is equal to 2:1. 1200 kg of 

the catalyst is placed in the reactor.

The outlet mass flow of CO is 860 kg.h-1.

To determine:

1. Mean reaction rate per mass of catalyst in mol.kg-1.s-1 .

2. If specific internal surface of catalyst is 55 m2.g-1, calculate mean reaction rate 

per surface of catalyst in mol.m-2.s-1.

3. If per 1 m2 of catalyst contains 1019 active sites, calculate mean reaction rate 

per active site in s-1.

4. Calculate inlet and outlet gas mixture composition in molar fractions.

Data:

MCO= 28.010 kg.kmol-1

NA=6.0221413x1023 mol-1 (Avogadro number)  
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2. Elementary reaction.  Transition state theory.

• The rearrangement of atoms occurs through the motion of nuclei in the continuous
potential field set up by the rapid motion of the electrons of the system.
• For the elementary reaction there exists a single potential energy surface on which
the system will move to go from reactants to products and back, e.g.

Reaction coordinate is the most 

“economical” path in terms of 

the energy required for reaction.



Transition State Theory = Theory of absolute reaction rates
(S. Glasstone, K.J. Laidler, H. Eyring, 1941)

kB = 1,38054.10-23 J.K-1 (Boltzmann’s constant) 
h = 6,6256.10-34 J.s (Planck’s constant)
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Kinetics and thermodynamic equilibrium of elementary reaction
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Examples of complex reactions 
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2 NO(g) + O2(g)  2NO2(g)
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Summary

• Simple systems of elementary reactions
• Open x Closed sequence of elementary steps
• Quasi Steady State Hypothesis
• Practically important examples

Elementary (one step) 

reactions between stable 

molecules are very rare. 

Rather, a sequence of 

elementary steps is 

necessary. 

3. Systems of reactions. Reversible, parallel, consecutive reactions. 
Complex reaction systems.



Examples
 Polymerization
 Catalytic and enzymatic reactions
 Combustion
 Catalytic reactions (homogeneous, heterogeneous)

Basic characteristics
 large number of species (N > 106 )
 complex mechanism
 effect of environment (e.g. effect of solid surface on reaction rate)
 highly exothermic or endothermic processes

Basic types of complex reactions
1) Reversible reactions
2) Parallel reactions
3) Consecutive reactions

Homework 3
To find c1(t), c2(t),c3(t) in the closed isotherm 

constant volume reaction system, in which the first 

order irreversible consecutive reactions take place 
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• In the sequence of elementary steps, the reactants and products of these are not stable reactants or products
but are highly reactive intermediates.

• The reactive intermediates can be of several different chemical types :  free radicals, free ions, solvated ions, 
complexes at solid surfaces, complexes in homogeneous phase, complexes with enzymes.

• Many intermediates may be involved in a given reaction, however the advancement of the reaction can still 
be described by means of a single parameter – extent of reaction or fractional conversion of key component.

• There are two types of sequences leading from reactants to products through intermediates:  OPEN or CLOSED.

• An open sequence is one in which an intermediate is not reproduced in any other step of the sequence. 

• A closed sequence is one in which an intermediate is reproduced so that a cyclic reaction pattern repeats itself
and a large number of molecules of products can be made through only one intermediate. (Catalysis)
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Quasi Steady State Hypothesis – QSSH

The concentrations of the intermediates remain low and constant  these 
intermediate concentrations can be expressed using reactant and product 
concentrations

Example
Fosgen (COCl2) is manufactured by gas phase reaction between CO and Cl2

CO(g) +  Cl2(g)  COCl2(g)

It follows from experimental data :

2

3/ 2 3 1
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V CO Cl
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The proposed mechanism involves  2 intermediates Cl and  COCl.

Reaction Kinetic equation

1. Cl2(g)  2Cl(g)
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The balances of intermediates at steady state:                        Cl2 Cl     CO  COCl COCl2
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Isothermal batch constant volume reactor

Validity of QSSH

Kinetic parameters used in numerical simulation
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Concentration profiles of COCl2



Homework 4 (due after Chapter 4)

Calculate volumes of CSTR a PFR working at 150 oC and 300 kPa to produce 1 t COCl2/day with CO
conversion equal to 95 %. A mixture of CO and Cl2 (molar ratio 1:1) is fed at 300 kPa and 150 oC.
Data
k(423 K) = 0.07 (m3mol-1)3/2.s-1

MCOCl2 = 98.92 kg/kmol.

Answer:

VCSTR = 0.053 m3 VPFR = 0.0021 m3



Example

2NO(g) + O2(g)  2NO2(g)

Mechanism:

2NO(g)  (NO)2(g) equlibrium(1)

(NO)2(g) + O2(g)  2NO2(g) (2)
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Radical polymerization 
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Monomer consumption
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Homework 5: to justify these equations 
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Summary
• Simple systems of elementary reactions
• Open x Closed sequence of elementary steps
• Quasi Steady State Hypothesis
• Practically important examples



Summary

• General material balance of reacting system
• Batch reactor
• Continuous-flow reactors: CSTR (Continuous Stirred Tank Reactor)

PFR   (Plug Flow Reactor)
• Steady state of CSTR and PFR
• Design tasks : outlet (final conversion), given volume of reactor x volume 

of reactor, given outlet conversion

4. The material balances for isothermal ideal reactor models 



1

2

.

.

.

o

o

o

N

F

F

F

1

2

.

.

.

N

F

F

F

Inlet convective molar 

flows (mol/s)

Outlet convective molar 

flows (mol/s)

1

0            1,

                  ( )

                  ( )

N

ki i

i

i

A k NR

n t

V t




 

0

,

1

NR

i

i i ki V k i
V

k V

n
F F r dV c dV

t t




  
    

  
  

, ,

1 1 1 1

N N N R N R

o o

i i ki V k k V k
V V

i i k k

n
F F r dV F F r dV

t
 

   


       
 


    

T=const.

Molar balance of species i 

Overall molar balance

1

N

ki k

i

 


 

Arbitrary volume element



Batch reactors
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Reactor volume constant (VR=const.)
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Example
Constant volume isothermal batch reactor, ideal gas mixture
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Constant pressure isothermal batch reactor, ideal gas mixture
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Example
Constant volume batch reactor, liquid mixture  constant pressure

Second order irreversible reaction

A1(l) + A2(l)  A3(l)  
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Continuous-flow reactors

Continuous Stirred Tank Reactor – CSTR
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We need suplementary information

• state behavior of reaction mixture

• start-up (shut-down) molar flow rates of individual species
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Constant pressure isothermal CSTR, ideal gas mixture

It arises from overall molar balance (volume of reactor, VR is constant) 
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and molar balance of species i becomes finally 
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Example

Start-up of an isothermal CSTR
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(fractional) conversion of N2O*)

*) The equation is valid only at steady state



Steady state
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Cascade of CSTR
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Plug Flow reactor – PFR
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Steady state

If only one reaction takes place:
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BATCH, CSTR, PFR (PBCR), one reaction, fractional conversion of key component
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Tasks

1. Calculate the volume of reactor (mass of catalyst) (CSTR,

PFR, PBCR) or time of reaction (BATCH) to obtain given

conversion.

2. Calculate the outlet conversion for given volume of reactor.

3. Calculate the reaction rate in laboratory reactor to obtain

kinetic law and estimate the kinetic parameters.



1 1

0      =

N N

i i i

i i

A  
 

  NR = 1 j – subscript of key component                                                        

 
BATCH 
 

 
FLOW 

.
o o oi

i i i i j j

j

n n n n X


 


     . .
o o oi

i i i V R i j j

j

F F r dV F F X





     

1 1

. .

N N

o o o o

i i j j

i i j

n n n n n X


   
 


       

 

.
o o

j j

j

F F F X





   

. .

. 1 .

o oi o oi
i j j i j j

ji k

i
o o o

j j j j

j j

n n X x x X
n

x
n

n n X x X

 

 

 

 

 

  
 

 

 

. .

. 1 .

o o o oi i

i j j i j j

j ji

i
o o o

j j j j

j j

F F X x x X
F

x
F

F F X x X

 

 

 

 

 

  
 

 

 

3

.
1

.
1 .

   - m olar volum e of reaction m ixture  

(m /m ol)

o oi

i j j

ji i i

i
o

m m m
j j

j

m

x x X
n n x

c
V n V V V

x X

V











   




 

.
1

.
1 .

o oi

i j j

ji i i

i
o

m m m
j j

j

x x X
F F x

c
V F V V V

x X











   




 

 



Gas phase - Ideal state behavior 
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Homework 7
Calculate volume of  PFR to produce 150 kt ethylen/year. Reaction of the 1st order 

C2H6(g)  C2H4(g) +  H2(g)

takes place at 1100 K and 0,6 Mpa. Final conversion of ethan is 80 %. Reaction rate is given by

rV = k. cA

k (1000 K) = 0,072 s-1 E = 343,6 kJ/mol

Pure ethan is fed into the reactor. 

Assumptions:

Ideal gas, molar weight of ethylen is 28,054 kg/kmol.

K. J. Laidler and B. W. Wojciechowski: Kinetics and Mechanisms of the Thermal Decomposition of Ethane. 

I. The Uninhibited Reaction, Proceedings of the Royal Society of London. Series A, Mathematical and 

Physical Sciences, Vol. 260, No. 1300 pp. 91-102 



Homework 4 (due after Chapter 4)

Calculate volumes of CSTR a PFR working at 150 oC and 300 kPa to produce 1 t COCl2/day

with CO conversion equal to 95 %. A mixture of CO and Cl2 (molar ratio 1:1) is fed at 300

kPa and 150 oC.

Data

k(423 K) = 0.07 (m3mol-1)3/2.s-1

MCOCl2 = 98.92 kg/kmol.

Answer:

VCSTR = 0.053 m3 VPFR = 0.0021 m3
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Summary

• General material balance of reacting system
• Batch reactor
• Continuous-flow reactors: CSTR (Continuous Stirred Tank Reactor)

PFR   (Plug Flow Reactor)
• Steady state of CSTR and PFR
• Design tasks : outlet (final conversion), given volume of reactor x volume 

of reactor, given outlet conversion



5. Kinetic parameters estimation from isothermal experimental data

Flow catalytic reactor Batch high pressure reactor
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Laboratory flow reactor for kinetic experiments
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Reaction rate evaluation from ideal reactors

CSTR PFR BATCH

+ Direct calculation of  r.r. + Simple realization + Simple realization

- Temperature control       + High range of VR/F                        - Temperature control

- Ideal mixing - Gradients of temperature - Ideal mixing

and composition
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Strategy of kinetic experiment

1. Choice of measured components

2. Choice of reactor

3. Formulation of kinetic model based on mechanism of reaction and mathematical 
model of reactor

4. Choice of temperature, composition and flow rate range

5. Statistical method for  kinetic parameter estimation

6. Experimental data measurement

7. Evaluation of kinetic parameters

8. Results analysis                      Does the kinetic model describe well our data ?

1 2
( ). ( ). (  )...

i
r f T f c f catalyst activity

YES

END

NO



Experimental methods

Methods “Ex-situ” and “In-situ”

> gas chromatography, mass spectrometry, UV-VIS spectrometry ...

> NMR, FTIR, electrochemical methods...

> volume variation, optical properties, temperature variation, mass variation, ...



Kinetic parameters estimation

Isothermal batch reactor, constant volume

Example:          

Differential method                                           Integral method
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Example 
 
Diazobenzenchloride is decomposed following stoechiometric equation: 
 

C6H5N2Cl(l)   C6H5Cl(l) + N2(g) 

 
1 l of solution containing 150 g C6H5N2Cl was placed  in an isothermal batch reactor. The 
volume of evolving nitrogen was measured as a function of time at 70oC and at 100 kPa:  
 

t [min] 0 1 2 3 4 5 6 7 

volume 
N2 [litr] 

0 1.66 3.15 4.49 5.71 6.81 7.82 8.74 

  
We should 
 

a) formulate a mathematical model of reactor, 
b) determine a reaction rate at given interval of time by the differential method, 
c) estimate a reaction rate constant and order of reaction with respect to  C6H5N2Cl 

using differential method, 
d) estimate  a reaction rate constant and order of reaction with respect to  C6H5N2Cl 

using inegral  method. 
 
We assume ideal gas, constant volume of liquid phase, negligible solubility of nitrogen in 
liquid phase.  
Molar weight of C6H5N2Cl is 140,572 kmol/kg. 
 
 

 



t [min] VN2 [l] X1 ln(c1) [mol/l]
dc1/dt[mol/l/

min] ln(dc1/dt)

0 0 0 0.064851

1 1.66 0.055101 0.008174 0.058793 -2.83373

2 3.15 0.104559 -0.045589 0.052772 -2.94177

3 4.49 0.149039 -0.096537 0.047459 -3.04788

4 5.71 0.189535 -0.145296 0.043209 -3.1417

5 6.81 0.226048 -0.191394 0.038959 -3.24524

6 7.82 0.259573 -0.235677 0.035772 -3.3306

7 8.74 0.290111 -0.277795 0.032584 -3.42393
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Integral method
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Athena Visual Studio

http://www.athenavisual.com/
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Further reading

Yonathan Bard: Nonlinear Parameter Estimation, McGraw-Hill, 1967 



Uveřejněné materiály jsou určeny studentům Vysoké školy chemicko-

technologické v Praze

jako studijní materiál. Některá textová i obrazová data v nich obsažená 

jsou převzata

z veřejných zdrojů. V případě nedostatečných citací nebylo cílem 
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6. Energy balance on chemical reactors

Most of reactions are not carried out isothermally







BATCH or CSTR heated (cooled) reactors
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The balance of total energy involves: 
  Internal energy 
  mechanical energy (kinetic energy) 
  potential energy 
  .... 
 
Transformation of various kinds of energy 
   
Balance of total energy 
 
 
 
 
 
 
 
 
 
 
Main reason to study energy balances : assesment of 
temperature of reacting system (reactor) 

Rate of change

of total energy

Input x Output

of total energy

by convective

flux

Input x Output
of total energy

by molecular flux

Work done

by external 

forces

Work done
by molecular 
interactions

R.B.Bird, W.E.Stewart, E.N.Lightfoot :
Transport Phenomena, 2nd Edition, 
J.Wiley&Sons, N.Y. 2007
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E e dV 

Application of the 1st law of thermodynamics on the open homogeneous reacting 

system

Heat flux [W]
Rate of work done on surroundings [W]

eo,e1 – specific total energy of inlet (outlet) streams [J/mol]

VR – volume of reaction mixture [m3]

Single phase 

reacting 

system



Rate of work         done by the reacting system on the 

surroundings consists of:

• Flow work of inlet stream(s)

• Flow work of outlet stream(s)

• Work provided by stirrer 

• Work done by volume change

• Work done by electric, magnetic fields
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Neglecting potential and kinetic energies (          ), we have 
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From enthalpy definition
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Introducing partial molar enthalpies of species

We have finally
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BATCH reactor
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Enthalpy is a function of temperature, pressure and composition

Total heat capacity [J/K]                  Partial molar enthalpy [J/mol]
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We know that (from thermodynamics)
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Finally by substitution of     in the energy balance of the batch reactor
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Using definition of the enthalpy of k-th reaction

we have
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we need state equation !

Homework 8: Energy balance of ideal gas isobaric batch reactor 



Isochoric reactor (           )0R
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

Homework 9: Energy balance of ideal gas isochoric batch reactor 
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Summary of energy balance of BATCH reactor
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Isothermal

reactor

Adiabatic

reactor

Limiting cases
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Example
Adiabatic reactor with 1 reaction, constant heat capacities

 

Energy balance on adiabatic BAT C H  reacto r

M olar balance of key com ponent 
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Trajectories of T(t) and Xj(t)
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Homework 10

The reversible reaction

A1 +  A2  A3

is carried out adiabatically in a constant-volume BATCH reactor. The 

kinetic equation is

Initial conditions and thermodynamic data

Calculate X1(t),T(t).
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Example

Acetic anhydride reacts with water

(CH3CO)2O + H2O  2CH3COOH

in a BATCH reactor of constant volume of 100 l. Kinetics of 

reaction is given by

Data

In neglecting variation of heat capacities with temperature, 

calculate T(t) and X1(t) for an non-adiabatic and adiabatic case.
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Continuous (perfectly) stirred reactor (CSTR) 
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Energy balance on CSTR

Total differential of enthalpy

Molar balance on CSTR
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Steady state
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N+1 unknown variables in N+1 non linear algebraic equations 
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Issues:

• multiple solutions 

• slow convergence (divergence)



Example
Adiabatic CSTR with 1 reaction, constant heat capacities
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2 nonlinear algebraic equations for 

unknown T and Xj
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Example

You are to consider an irreversible gas-phase reaction in an adiabatic CSTR at constant pressure (101 kPa). 

The gas phase reaction is:

CO(g) + 3 H2(g)  CH4(g) + H2O(g)

The feed to the CSTR consists of CO and H2 at the following (stoichiometric) concentrations:

CCO(in) = 0.0102 mol/liter CH2(in) = 0.0306 mol/liter

The heat of reaction at 298 K is equal to –49.0 kcal/mol. 

The heat capacities of CO, H2, CH4 and H2O are all constant and are equal to 7 cal/mol/K.

The temperature of the feed stream is equal to 298 K, the pressure is equal to 101 kPa, the volumetric flow 

rate of feed is 8 liter/min and volume of reactor is 0.5 l. The gas mixture behaves as ideal gas.

A.  Use the energy and molar balance to calculate the CO conversion and temperature of the effluent stream 

from the adiabatic CSTR.

B. Calculate the composition in molar fraction of the outlet stream.

C. Calculate the volume of the adiabatic CSTR required to achieve the desired CO fractional conversion equal 

to 0.99.
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Remarks:

 Unrealistic temperature of the 3rd steady state  backward 

reaction will occur

 The 2nd steady state is unstable  carefull temperature control 

has to be used

 The dynamic behavior of reactor should be studied



Homework 11

Determine steady states of adiabatic  CSTR in which the exothermal liquid state reaction takes place

A1  A2
Reaction rate:

rV = A.exp(-E/RT).cA1 (kmol/m3/s)

Data

A = 5.1017 s-1 E = 132.3 kJ/mol

VR = 2 m3 To = 310 K

 = 800 kg.m-3

3.33  l/s
o

V 

3

1
2 /

o

A
c kmol m

,298
100  /

r
H kJ mol  

-1 -1
4.19  kJ.kg . K

o

p
C 
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Ex.: Reactor for phthalic anhydride production

Reaction
Kinetics

Kinetic constants

8CO2

+10.5O2 +7.5O2
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Numerical values of parameters
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One reaction, constant heat capacity of species.
Profiles of conversion and temperature are given by following 

equations:
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2.Adiabatic reactor

Cf. adiabatic BATCH and CSTR 
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One reaction, constant heat capacity of reaction mixture.
Profiles of conversion and temperature are given by following 

equations:

Limiting cases
1.Isothermal
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2.Adiabatic
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Exercise: reactor for oxidation of SO2 to SO3

Numerical method:
• Euler method

„Stiff“ solvers
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Balance of mechanical energy in PFR
Profile of overall pressure (P(z))

z=0

VR=0

z

VR

dR

(0)P ( )P z

2

2

(0) ( )

f R

f

R

P P z z
v

d

dP
v

dz d










 

Pressure drop and friction coefficient (factor) in laminar and turbulent flow 

density of fluid(kg/m3)
friction coefficient(-)

fluid mean velocity

f




(Re, / )
w R

f d 

v



Catalytic PFR
Profile of pressure is calculated using Ergun equation:
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f
 - fluid dynamic viscosity (Pa.s) 

f
  - fluid density (kg/m3) 

o

f
v   - superficial fluid mean velocity (m/s) 

b
   - bed porosity (-) 

p
d  - catalyst particle diameter (m) 
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PFR model for one reaction with constant heat capacity of reaction 
mixture
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Example

A gas phase reaction between butadiene and ethylene is conducted in a PFR, producing cyclohexene:

C4H6(g) +  C2H4(g)  C6H10(g)

A1    +   A2  A3

The feed contains equimolar amounts of each reactant at 525 oC and the total pressure of 101 kPa. 

The enthalpy of reaction at inlet temperature is -115 kJ/mol and reaction is second-order:

Assuming the process is adiabatic and isobaric, determine the volume of reactor and the residence time 

for 25 % conversion of butadiene.

Data:

Mean heat capacities of components are as follows (supposing that heat capacities are constant 

in given range of temperature)

cp1 = 150 J.mol-1.K-1, cp2 = 80 J.mol-1.K-1, cp3 = 250 J.mol-1.K-1

1 2
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( )

115148.9
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k T m s
RT

  



 
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 
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A gas phase reaction between butadiene and ethylene is conducted in a PFR, producing cyclohexene:

C4H6(g) +  C2H4(g)  C6H10(g)

A1    +   A2  A3

The feed contains equimolar amounts of each reactant at 525 oC and the total pressure of 101 kPa. 

The enthalpy of reaction at inlet temperature is -115 kJ/mol and reaction is second-order:

1. Calculate temperature and conversion profiles in adiabatic PFR.

2. Assuming the process is adiabatic and isobaric, determine the volume of reactor and the residence time

for 25 % conversion of butadiene.

Data:

Heat capacities of components will be taken from open resources [1,2]

1. http://webbook.nist.gov/chemistry/

2. B. E. Poling, J.M.Prausnitz, J.P.O’Connell, The Properties of Gases and Liquids, Fifth Edition,

McGraw-Hill, N.Y. 2001.
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RT
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http://webbook.nist.gov/chemistry/


Uveřejněné materiály jsou určeny studentům Vysoké školy chemicko-

technologické v Praze

jako studijní materiál. Některá textová i obrazová data v nich obsažená 

jsou převzata

z veřejných zdrojů. V případě nedostatečných citací nebylo cílem 

autora/ů záměrně poškodit event. autora/y původního díla. 

S eventuálními výhradami se prosím obracejte na autora/y  konkrétního 

výukového materiálu, aby

bylo možné zjednat nápravu.

The published materials are intended for students of the University of 

Chemistry and Technology, Prague as a study material. Some text and 

image data contained therein are taken from public sources. In the case 

of insufficient quotations, the author's intention was not to intentionally 

infringe the possible author(s) rights to the original work.

If you have any reservations, please contact the author(s) of the specific 

teaching material in order to remedy the situation.



7. Mass and Energy Balances on Plug Flow Packed Bed Reactor (PFPBR)
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One reaction, constant heat capacity of species.
Profiles of conversion and temperature are given by following 

equations:
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2.Adiabatic reactor

Cf. adiabatic BATCH, CSTR and PFR 



Catalytic PFR
Profile of pressure is calculated using Ergun equation:
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Example
Oxidation of o-xylene to phthalic anhydride1

The gas phase oxidation is highly exothermic. The reaction is carried out in PFR 
tube bundles with molten salt circulating as the heat transfer fluid. The o-xylene is 
mixed with air before entering the PFR. The large excess of oxygen leads to a 
pseudo-first order rate expression

  1

1 1
exp

V o

o

E
r k T c

R T T

  
    

  

Calculate the temperature and composition profiles.

1. Rawlings, G.B., Ekerdt, J.G.,  Chemical Reactor Analysis and Design 
Fundamentals, Nob Hill Publ., Madison, Wisc.  2002.

A1 = o-xylene



k(To), s -1 To, K Tm, K P, bar L, m dR, m

1922.6 625 625 1.01 1.5 0.025

Cp, kJ/kg/K y1
o E/R, K rH, 

kJ/mol
G, kg/s , 

kJ/m2/s/K

0.992 0.019 1.3636x
104

-1.361x
103

2.6371x
10-3 

0.373

F1(z)

kmol/s

T(z)

K

Data



Heterogeneous non catalytic reactions

• solid – fluid (liquid, gas)

• liquid – gas

• solid – solid

 Dissolution of solids (e.g. MgCO3(s) + HNO3(l)) 

 Chemical Vapor Deposition (SiH4(g)  Si(s)  +  2H2) 

 Sublimation (U(s) + 3 F2(g)  UF6(g)) 

 Reduction of solid oxides (NiO(s)  +  H2(g)  Ni(s)  +  H2O(g)) 

 Metals oxidation (Zn(s)  +  O2(g)  ZnO(s)) 
 Catalytic reactions 

 Dissolution with chemical reaction  

Cl2(s) + 2NaOH(l)  NaOCl(l) + NaCl(l) + H2O(l) 

3NO2(g) + H2O(l)  2HNO3(l) + NO(g) 

 
 

  CoO(s)  +  Al2O3(s)   CoAl2O4(s) 
 

 
Heat and mass transfer phenomena affect global reaction rate.



Silicon thermal oxidation is by far most

important for silicon devices. It is the key

process in modern silicon integrated circuit

technology.

Heterogeneous  gas-solid reactions

Si(s) +  O2(g)  SiO2(s)



Kinetics of gas-solid heterogeneous reaction

Si(s) +  O2(g)  SiO2(s)
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Steady state
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3 limiting cases
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1. Rate determining step is the external mass transfer of oxygen towards interface (gas - SiO2)

2. Rate determining step is the internal mass transfer of oxygen in porous SiO2 layer

3. Rate determining step is chemical reaction taking place on the interface (SiO2 - Si)

Discussion: rS = f(composition), rS = f(temperature) 



External heat and mass transfer

Combustion of the spherical carbon particle

Conditions in the immediate region of an interface between phases are hard to explore experimentally. In such
situations it is helpful to develop a mathematical model of the process starting with the known basic facts. The result of
the analysis is then compared with those experimental measurements which it is possible to make. Good agreement
suggests that the model may have been realistic.
—T. K. Sherwood, R. L. Pigford, and C. R. Wilke (1975)



Oxygen molar flux at steady state

Energy flux at steady state



Surface temperature and concentration of oxygen

Two balance equations for unknown 1
,

S

S
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Multiple steady state solutions as in 
the case of CSTR!



Example



Heterogeneous gas-liquid reactions



Kinetics of gas-liquid reactions

 

 

2 ( ) 2 ( ) 2 ( )

2 ( ) ( ) 3 ( ) ( )

2

3 ( ) ( ) 3 ( ) 2 ( )

g l l

l l l l

l l l l

CO CO CO A

CO OH HCO OH B

HCO OH CO H O

  

  



 

 

2

2 2 2

* *

, ,

CO

CO G CO CO L

P
c H c

RT
 

2 ( ) ( )
produkty

l l
CO OH


   

2

-3 -1
       mol.m .s

V CO OH
r k c c 



( ) ( )

( ) ( )

A L A L V L

B L B L V L

J z z S J z S r zS

J z z S J z S r zS

    

    

A

A A

B

B B

dc
J D

dz

dc
J D

dz

 

 

2

2

2

2

0

0

A

A A B

B

B A B

d c
D k c c

dz

d c
D k c c

dz


 

 

Interface

Gas Liquid



2

2

2

2

0

0

A

A A B

B

B A B

d c
D k c c

dz

d c
D k c c

dz


 

 

,
0 : , 0

eq B

A A L

dc
z c c

dz
      *

, , , , ,
0; ( 0) , 0A B

A cA G A G A G cA G A G A A

dc dc
z D k c c k c H c z

dz dz
       

Boundary conditions

or

 , ,
: ,A

L L A A B L L L L B B L

dc
z S D k c c V S c c

dz
     

2

2

1 2

, , ,,

, ,
CO OHA B

eq eq

L CO L A L B LOH L

c cc cz
x Y Y

c c c c





    

Dimensionless form

2

22

1 22
Ha 0

d Y
Y Y

dx
 

2

21

1 22
Ha 0

d Y
Y Y

dx
 

,

H a
/

B A B A

o

A L A L

k c D k c D

D k

 
  ,

,

eq

A LA

B B L

cD

D c
  ,

/
o

A L A L
k D 

2

1
0; 1, 0

dY
x Y

dx
  

21

1 2
1; 1 , 1L

L L

dY V
x Ha Y Y

dx S 

 
     

 



0

1
LV

A V

L

R r dV
V

  
0

A

L A L A

z

dc
S D V R

dz


  
    

  

, 1

0

eq

L A A L

A

xL L

S D c dY
R

V dx


 
 

 

Numerical solution gives to us concentration profiles 

We get the overall rate of CO2 absorption by integration of local rate



, 3

,

10

eq

A LA

B B L

cD

D c
 


 

, 2

,

10

eq

A LA

B B L

cD

D c
 


 

3Ha 

Limiting situations



9. Kinetics of catalytic reactions

• homogeneous catalysis

• heterogeneous catalysis

 Ozone decomposition in the presence of Cl 
 SO2 oxidation by NOx 
 Esterification catalyzed by acids or bases 
 Enzymatic catalysis  

 NH3, CH3OH production 

 SO2 to SO3 oxidation 

 HDS, HDN processes 

 Fluid Catalytic Cracking 

 Hydrogenation 

 Polymerization (Ziegler-Natta catalysts, metallocens) 

 
 

 

O3 + Cl    ClO + O2

ClO + O3  Cl + 2O2

2O3 3O2



Catalytic cycle



Reactants

Ecat

Encat

En
er

g
y 

Activated complex 
of non catalytic 
reaction

Adsorbed
reactants

Adsorbed

products

Products

Reaction pathway

Encat – energy of activation for non catalytic reaction

Ecat - energy of activation for catalytic reaction

Non catalytic x catalytic reaction

    

iE

RT

i
r e





The multi-step catalytic reaction

can be faster than one-step reaction



Homogeneous x Heterogeneous Catalysts

Homogeneous Heterogeneous

Active All atoms Surface atoms
sites Concentration Low High (variable)

Diffusion disguises No Important
Reaction conditions 50-200 oC200-1000 oC
Application Limited Large

Characterization Structure, composition Well defined No clear defintion
Modification Easy Difficult
Temperature stability Low High

Separation Difficult Easy
packed beds

Recycling Feasible Feasible











Catalytic 
reaction

Raw materials 
(impurities, ..,)

Operation 
conditions (T, P,…)

Reactors -
continuous, batch

Equilibrium Hydrodynamics

Kinetics

Properties of Catalyst,

Preparation procedure

Heat and mass 
transfer



Steps in a catalytic reaction

1) Mass transfer of reactants to the external surface of catalyst

2) Mass transfer of reactants in porous structure of catalyst

3) Adsorption of reactants

4) Surface reaction (+ migration)

5) Desorption of products

6) Mass transfer of products in porous structure of catalyst

7) Mass transfer of reactants from the external surface of catalyst

The transport steps (1,2,6,7) depend on T, P, composition, flow rates, pore size, ....

The chemical steps (3,4,5) are 

dependent on T, P, composition.



Fluid phase

Products
Reactants

Desorption

Surface reaction

Adsorption

Dissociation

Migration

Elementary steps of catalytic reaction



Mechanisms in heterogeneous catalysis

Langmuir-Hinshelwood Rideal-Eley

Adsorption

Migration

Desorption

Surface 
reaction



Adsorption x Chemisorption

Energy of biatomic molecule A2

Adsorption (physical 
phenomenon)

Chemisorption (chemical 
phenomenon)

Distance from catalyst surface

Emc, Emp – activation energy of migration in adsorbed and chemisorbed state 

ED – energy of dissociation of molecule A2

Ed – energy of desorption of A2

Ea – energy of activation of transition from adsorbrd to chemisorbed state

2 2[*] 2 *A A 2
2[*] 2 *A A



Adsorption x Chemisorption

Adsorption Chemisorption

Principal van der Waals forces covalent or ionic bonds
no electron transfer ! electron transfer

Adsorbent all solids specific sites

Adsorbat gases T < Tc reactive components

Temperature low higher

Enthalpy 10-40 kJ/mol 80-600 kJ/mol

Rate high depends on T

Activation energy low high
Occupancy multilayer monolayer

Reversibility YES YES but …

Use BET method surface concentration
pore size distribution of active sites



Chemisorption of fluid phase molecule (adsorbat)

Surface occupancy(Θ)

Associative x Dissociative chemisorption

Adsorption (chemisorption) isotherm – Surface occupancy as a function of partial 
pressure of given component at constant temperature

Θi = 
Number of sites occupied by i-th component

Total number of sites

0   <    Θi <   1



Irving Langmuir

1920 - adsorption isotherm

- kinetics of catalytic reactions 
on ideal surfaces

1932 - Nobel Prize



Langmuir adsorption isotherm

Brunauer-Emmett-Teller (BET) adsorption isotherm



Associative adsorption on ideal catalytic surface

A(g) +  * A*
ka

kd

Rate of chemisorption =  ka . PA . (1 - ΘA)

Rate of desorption    = kd . ΘA

At equilibrium

ka . p . (1 - ΘA) = kd . ΘA (KA = ka/kd)

1
A A

A

A A

K P

K P
 



ΘA

(1 - ΘA)
= KA . PA 



Asociative chemisorption

Langmuir  adsorption (chemisorption) isotherm



Multicomponent associative chemisorption on ideal catalytic surface

A(g) +  *  A*
ka

kd

B(g) +  *
kd

kb
B*

Occupancy of A

BBAA

BB

B

.pK.pK1

.pK
Θ




BBAA

AA

A

.pK.pK1

.pK
Θ




Occupancy of B

KA = ka / kd KB = kb / kd

Irreversible chemisorption              catalyst poisoning



Dissociative chemisorption on ideal catalytic surface

A2(g) +   2 * 2 A *  
ka   

kd

Rate of chemisorption =  ka . PA . (1 - ΘA)2

Rate of desorption    = kd . ΘA
2

At equilibrium

ka . p . (1 - ΘA)2  = kd . ΘA
2 (KA = ka/kd)

1

A A

A

A A

K P

K P
 



ΘA
2

(1 - ΘA)2
= KA . PA 



Isotherms

Langmuir

(chemisorption, adsorption, 
monolayer, micropores)

 

 *
1

A adsorbed A A
A

A A

n

n

K P

K P
  



Henry

(chemisorption, adsorption, low occupancy)

Freundlich

(chemisorption, adsorption, non ideal)

Temkin

(chemisorption, non ideal)

 

 
 

*

ln
A adsorbed

A A A A

n

n
P   

Brunauer-Emmett-Teller (BET)

(adsorption, multilayer)  

( 1)1

( )
A ads

A A

o o
n

m mA A A

P PC

n C n CP P P


 



Virial

(adsorption, multilayer )
1 2

2(1 ...)
.
A

A A A

P
a a

T
      

R

 

 *

A adsorbed

A A A

n

n
K P  

 

 
 

1

*

nA adsorbed

A A A

n

n
K P  



Brunauer-Emmett-Teller (BET)

Extention of Langmuir model

Assumptions:

adsorption in multilayer s, 1st layer interaction between adsorbent and 
adsorbat, in 2nd and further layers condensation-like interaction

 

( 1)1

( )
A ads

A A

o o
n

m mA A A

P PC

n C n CP P P


 


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m
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g
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p /p
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Mesoporous alumina

Temperature od calcination : 3,3 nm (450 oC) - 4,5 nm (600 oC) - 5,1 nm 
(800 oC)



1 1

,

1 1 1 1
     m ole.kg .

1 1

R eaction rate per m ass

i

M

i

k

M k k

dnd
r r s

m m dt m dt

d
r r

m m dt







 
  

 

2 1

,

1 1 1 1
    m ole.m .

1

R eaction rate per surface

1

i

S

i

k

S k k

dnd
r r s

S S dt S dt

d
r r

S S dt







 
  

 



1

,

R eaction rate per active center (turn

1 1 1 1
      s

1

over num be

1

r)

i

RS

RS RS RS i

k

RS k k

RS RS

dnd
r r

n n dt n dt

d
r r

n n dt








  

 

Reaction rate of catalytic reactions

Langmuir-Hishelwood ideal surface

Rate of elementary steps

Rate determining step x steady state hypothesis



Reaction rate of catalytic reactions

Langmuir-Hishelwood ideal surface

Rate of elementary steps

Rate determining step x steady state hypothesis



Overall reaction ( 0
o

r
G  ) 

 

2CO(g)   +  O2(g)   2CO2(g) 
nebo 

2CO(g)   +  O2(g)   2CO2(g)  

CO oxidation on Pt

Pt surface atoms



Elementary steps of catalytic CO oxidation on Pt  

1. CO chemisorption 
 

CO(g)  +  [*]    CO* 
1 ,1 * ,1f C O b C O

r k P k     

 
2. O2 dissociative chemisorption 

 

O2(g)  +  2[*]    2O* 
2

2 2

2 ,2 * ,2f O b O
r k P k     

 
3. Surface reaction between CO* and O* 

CO*  +  O*    *CO2  +  * 
23 ,3 ,3 *f C O O b C O

r k k       

 
 

4. CO2 desorption into gas phase 
 

*CO2    CO2(g)  +  * 
2 24 ,4 ,4 *f C O b C O

r k k P     

 

Pi – partial pressures of gaseous components [Pa] 

i
 - occupancy (coverage) of the i-th species [-] 

, ,
,

f j b j
k k  - reaction rate constants 

rj – rate of the j-th elementary step [mol/kg katalyzátoru/s  
mol/molPt/s= 1/s] 

  

* - Pt surface atoms = Catalytic 
active centre



Rate determining step in steady state

Forward reaction rate

Backward reaction rate

Fast step

Slow step =
Rate determining step

step is close to the equilibrium
i i

r r 

i i i
r r r 



Relation between overall reaction rate and the rate of i-th 
elementary step determines the stoichiometric number 

i
  

(do not confuse with stoichiometric coefficient !) 
 

i

i

r
r




 

  
i

  

CO(g)  +  [*]    CO* 2 

O2(g)  +  2[*]    2O* 1 

CO*  +  O*    *CO2  +  * 2 

*CO2    CO2(g)  +  * 2 

2CO(g)   +  O2(g)   2CO2(g)  

 

M. Boudart, 1968, in “Kinetics of Chemical Processes”:
The stoichiometric number of i-th elementary step, , is the number of
times that this elementary step, as written, must be repeated, in the closed
sequence, in order to obtain by summation of all steps the overall
stoichiometric equation for reaction, as written.

i




Reaction rate as a function of measurable variables

Rate determining step: surface reaction



Example 

 

C2H5OH(g) (A1)      CH3CHO(g) (A2)   +   H(g) 

(A3) 

 

 

catalysts: CuO, CoO a Cr2O3  

(Franckaerts J., Froment G.F., Kinetic study of the 

dehydrogenation of ethanol, Chem. Eng. Sci. 19 (1964) 

807-818).  

Kinetics 

 

 

1 1 2 3

2

1 1 2 2

/

1

eq

M

kK P P P K
r

K P K P




 
 

 

 

 rM (mol.g
-1

.hod
-1

), Pi (bar), k (mol.g
-1

.hod
-1

), Keq (bar), Ki 

(bar
-1

). 

 

Task: to estimate on the basis of experimental data kinetic 

and adsorption parameters 
1 2

, ,k K K   



EXPERIMENTAL SET-UP
Franckaerts J., Froment G.F., Kinetic study of the dehydrogenation of ethanol, Chem. Eng. Sci. 19 (1964) 807-
818



EXPERIMENTAL DATA 

 

1
/

[g.hod/mol]

o
W F

 
[bar]

P
 

1

[ ]

o
y


 4

[ ]

o
y


 2

[ ]

o
y


 

o
[ C ]

T
 1

[ ]

X


 

1,60 7,0 0,865 0,135 0,0 225,0 0,066 

0,80 4,0 0,865 0,135 0,0 225,0 0,083 

0,40 3,0 0,865 0,135 0,0 225,0 0,055 

1,0 1,0 0,865 0,135 0,0 225,0 0,118 

1,0 1,0 0,750 0,130 0,119 225,0 0,052 

0,40 1,0 0,865 0,135 0,0 225,0 0,060 

1,0 1,0 0,732 0,167 0,101 225,0 0,052 

0,40 10,0 0,865 0,135 0,0 225,0 0,038 

1,60 7,0 0,865 0,135 0,0 250,0 0,149 

0,80 4,0 0,865 0,135 0,0 250,0 0,157 

0,40 3,0 0,865 0,135 0,0 250,0 0,108 

1,0 1,0 0,865 0,135 0,0 250,0 0,218 

1,0 1,0 0,672 0,145 0,183 250,0 0,123 

0,60 1,0 0,865 0,135 0,0 250,0 0,152 

0,80 1,0 0,672 0,145 0,183 250,0 0,106 

0,60 10,0 0,865 0,135 0,0 250,0 0,094 

1,60 7,0 0,865 0,135 0,0 275,0 0,254 

0,80 4,0 0,865 0,135 0,0 275,0 0,262 

0,40 3,0 0,865 0,135 0,0 275,0 0,20 

1,0 1,0 0,865 0,135 0,0 275,0 0,362 

1,0 1,0 0,672 0,145 0,183 275,0 0,230 

0,20 1,0 0,865 0,135 0,0 275,0 0,118 

0,40 10,0 0,865 0,135 0,0 275,0 0,148 

0,40 1,0 0,865 0,135 0,0 275,0 0,196 

 
 



Solution: 

Minimize the objective function: 
2

exp mod

1 2 1, 1, 1 2

1

( , , ) ( , , )

NEXP

i i

i

k K K X X k K K



   
   

mod

1, 1 2
( , , )

i
X k K K  calculated from isothermal catalytic PFR 

model: 

 

 
1

1

1

( )
/

Mo

dX
r X

d W F
      

1 1
/ 0, 0

o
W F X   

 

ATHENA Visual Studio. 





225 oC 250 oC 275 oC

k1 5.767986E-01 +- 4.112E-01 8.863130E-01 +- 1.668E-01 1.675828E+00 +- 4.225E-01

KA1 4.839934E-01 +- 3.591E-01 4.876108E-01 +- 9.443E-02 3.803293E-01 +- 1.473E-01

KA2 1.011693E+01 +- 7.376E+00 3.044445E+00 +- 9.054E-01 2.812096E+00 +- 1.078E+00

y = -5802.3x + 11.056
R² = 0.9807

y = 1293.1x - 3.2791
R² = 0.7019

y = 7084.1x - 12.075
R² = 0.8181

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

1.80E-03 1.85E-03 1.90E-03 1.95E-03 2.00E-03 2.05E-03

ln(k1) = f(1/T)

ln(KA2) = f(1/T)

ln(KA1) = f(1/T)



Uveřejněné materiály jsou určeny studentům Vysoké školy chemicko-
technologické v Praze
jako studijní materiál. Některá textová i obrazová data v nich obsažená jsou 
převzata
z veřejných zdrojů. V případě nedostatečných citací nebylo cílem autora/ů 
záměrně poškodit event. autora/y původního díla. 

S eventuálními výhradami se prosím obracejte na autora/y  konkrétního 
výukového materiálu, aby
bylo možné zjednat nápravu.

The published materials are intended for students of the University of 
Chemistry and Technology, Prague as a study material. Some text and image 
data contained therein are taken from public sources. In the case of 
insufficient quotations, the author's intention was not to intentionally infringe 
the possible author(s) rights to the original work.
If you have any reservations, please contact the author(s) of the specific 
teaching material in order to remedy the situation.



10. Mass nad heat transfer in catalytic reactions

kin cA
k k

kin cA
k k

kin cA
k k

   

In the steady state

n
o s s

cA A A A V A kin A
k a c c v r v k c  

o

A
c

s

A
c





Effectiveness factor ( )

Damköhler number

Surface/bulk molar fraction ratio

- measurable quantity                 can be estimated from 

experimental data   

V

o

xA A

r
D a

k ax
 

s

A

o

A

x

x



ratio:

2 / 3

2 / 3

R e
v

Pr R e
v

bcA

D A

b

H A

pM

k
j Sc a

h
j a

c 





 

 

1/ 3

,

P r

cA

A

Am m

A Am

cA cA mA mAA A

m G G

k d hd
Sh Nu

D

Sh D

k k D DSh Scd

Nuh h Nu

d



  

 

 
     

 



/ 1
H D

j j 

1 1.1
A

Le  

Maximal (minimal) temperature of surface



Effectiveness factor for external heat and mass transfer



Internal mass transfer in porous 
catalytic particle





Molecular diffusion

, ,

D i i i

i i m i i m x y z

c c c
J D c D e e e

x y z

   
       

   
Fick law

Binary diffusion coefficient ( , )

Dn

o

ij ij o o

o

P T
D D T P

P T

 
  

 

Effective binary diffusion coefficient
e

ij ij
D D






Knudsen diffusion

K K K i i i

i i i i x y z

c c c
J D c D e e e

x y z

   
       

   

( )
K K

i i o

o

T
D D T

T
Knudsen diffusion coefficient

Effective Knudsen diffusion coefficient
,K e e

i i
D D






Viscous (convective) flow

V i o

i

y B P
J P

RT
  

D K V

i i i i
J J J J  

Total flow



First order gas phase reaction

Reaction rate

Balance of component A in cylindrical pore

Boundary conditions



Solution



Mean reaction rate in the pore (rate of consumption of A)

Effectiveness factor



Real catalytic    

particle in the 

form of slab
Real pore 

structure
“Tortuous” pore

Direct pore



Dimensionless variables

Solution

Thiele number 

(module)



Real reaction rate

Effectiveness factor as a function of Thiele number



Cylinder

Sphere



Heat and mass transfer



Balance equations

Slab

Cylinder

Sphere

Boundary conditions



Maximal temperature gradient in particle of catalyst(Prater 1958)

Elimination of from enthalpy balance:V
r

 

0 0

1 1
( )

( )

( )

( )
( ) (0) ( ) (0)

(0) 0   or (0)  ( ) (0)

a a i

S r ia a

x x

a ar i i

Sx x

a ar i i

S

r i

i i

S

eq

i i i

dcd dT d
x H D x

x dx dx x dx dx

H D dcd dT d
x dx x dx

dx dx dx dx

H D dcdT
x x

dx dx

H D
T x T c x c

c c c T x T









 

  
    

   

   
   

   

   
   

   


  

   

 

m ax

m ax

m ax

( ) ( )
( ) (0) ( )

(0) ( ) ( )

sr i r i

o i o i

S S

so r i

i

o o S o

T

H D H D
T T r T c r c

T T T r H D
c

T T T

 




 

 
    

  
   

Prater C.D., The temperature produced by heat of reaction in the interior of porous particles, 

Chem. Eng. Sci. 8 (1958) 284.







Endothermal

Exothermal

Effectiveness factor for non isothermal catalytic particle

Thiele modulus



Uveřejněné materiály jsou určeny studentům Vysoké 

školy chemicko-technologické v Praze
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11. Catalytic membrane reactor
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Hydrogen flux through Nb-Pt membrane
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• The three main reactor types developed thus far - batch,
continuous-stirred-tank, and plug-flow reactors - are useful
for modeling many complex chemical reactors.

• Up to this point we have neglected a careful treatment of
the fluid flow pattern within the reactor.

• In this lecture we explore some of the limits of this
approach and develop methods to address and overcome
some of the more obvious limitations.

12. Non ideal flow, residence time distribution



• Deviation from the two ideal flow patterns can be caused by 
channeling of fluid, by recycling of fluid, or by creation of 
stagnant regions in the vessel.



• If we know precisely what is happening within the vessel, 
thus if we have a complete velocity distribution map for the 
fluid in the vessel, then we should, in principle, be able to 
predict the behavior of a vessel as a reactor. Unfortunately, 
this approach is impractical, even in today's computer age.



Residence-Time Distribution : Definition

• Consider an arbitrary reactor with single feed and effluent 
streams depicted in the following figure

• Without solving for the entire flow field, which might be 
quite complex, we would like to characterize the flow 
pattern established in the reactor at steady state.

• The residence-time distribution (RTD) of the reactor is one 
such characterization or measure of the flow pattern.



• Imagine we could slip some inert tracer molecules into the 
feed stream and could query these molecules on their exit 
from the reactor as to how much time they had spent in the 
reactor.



• Some of the tracer molecules might happen to move in a
very direct path to the exit; some molecules might spend a
long time in a poorly mixed zone before finally ending their
way to the exit.

• Due to their random motions as well as convection with the
established flow, which itself might be turbulent, we would
start recording a distribution of residence times and we
would create the residence-time probability density or
residence-time distribution.

• If the reactor is at steady state, and after we had collected
sufficient residence-time statistics, we expect the residence-
time distribution to also settle down to a steady function.



Continuous-stirred-tank reactor - CSTR

We next examine again the well-stirred reactor.



• Consider the following step-response experiment: a clear fluid with 
flowrate Qf enters a well-stirred reactor of volume V.

• At time zero we start adding a small flow of a tracer to the feed stream 
and measure the tracer concentration in the effluent stream.

• We expect to see a continuous change in the concentration of the 
effluent stream until, after a long time, it matches the concentration of 
the feed stream.
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• Assuming constant density, the differential equation
governing the balance of red dye, cR, in the reactor follows
from equation

 

0, 0

oR

R R R

R

dc
V V c c

dt

t c

 

 

• We introduce average residence time
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• Solution of red color dye balance becomes
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Cumulative Residence Time Distribution function  

(F – function)

F() – The fraction of fluid of the effluent stream 

which has been in the reactor time less than 



Residence Time Distribution (RTD) function  (E– function)

E() – The fraction of fluid of the effluent stream 

which has been in the reactor in time interval ( ; +d)
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Relationship between the E() and F() functions
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Plug flow reactor can be represented by a  cascade of small CSTR
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With the initial condition , the solution becomes (integration
of linear differential equation by integrating factor):
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Calculation of the integral for the first reactor where

and then for the successive ones yields the final result:
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Fig. Cumulative residence time distribution FN() curves for
several cascades of N equal CSTR reactors.



If the E() function is calculated, we obtain
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The last equation is called the Poisson distribution function
(see figure presented on the next slide).



Fig. Residence time distribution EN() curves for several
cascades of N equal CSTR reactors.



If the slope of the F() curves is calculated from E() function
near the inflection point (i.e. at ), we find that it is given
by
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Now, according to the Stirling’s rule we have for N>5 within
error of 2 % (see Annexe 1)
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Introduction of this approximation into the former equation
yields:
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This result also illustrates the fact that the F() curve
becomes steeper as N increases.



Plug flow reactor can be represented also by a  dispersion model
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experimentally



Representation of the dispersion (dispersed plug flow) model.



Together with boundary
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Outlet concentration of red component is given by (see
Annexe 2)
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Therefore the cumulative residence time distribution FN()
curves for PFR with dispersion are given by
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Fig. Cumulative residence time distribution FPFR() curves for
PFR with dispersion



We can differentiate FPFR() equation to obtain the  curve 
for dispersed plug-flow Residence Time Distribution
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Fig. Residence time distribution EPFR() curves for PFR with
dispersion
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Comparison of the cascade and the dispersion 
models 
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1-D pseudo homogenous model with axial dispersion
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YA(x) (solid lines) and XA(x) (dashed lines) in isothermal reactor 
with axial dispersion and 1st order kinetics



There exists an approximation due to Stirling (James Stirling, British mathematician (1692-

1770)), which is very useful in the evaluation of factorials of large numbers. It can be 

derived in several ways. For example, the Gamma function is defined by
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13. Models of catalytic reactors

Model equations involve:

• Balance equations for components of reaction mixture in both gas phase 

and porous catalytical particle

• Balance of energy (enthalpy)

• Balance of momentum

• Flux constitutive equations for component and energy fluxes



Pseudo homogeneous Heterogeneous

1-D • withou axial dispersion 
(pure plug flow)
• with axial dispersion

Gradients of concentration 
and temperature between 
phases

2-D Radial dispersion



1-D pseudo homogeneous model without axial dispersion

We make the following assumptions: 

1. Particles of catalyst are small compared to the length of reactor

2. Plug flow in the bed, no radial profiles

3. Neglect axial dispersion in the bed

4. Neglect concentration and temperature gradients in solid catalyst 

5. Neglect concentration and temperature gradients in external fluid film

6. Steady state
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In the fluid phase, we track the molar flows of all species, the temperature and 

the pressure. Generally, we can no longer neglect the pressure drop in the tube 

because of the catalyst bed – Ergun equation.
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f - fluid dynamic viscosity (Pa.s)

f - fluid density (kg/m3)

- superficial fluid mean velocity (m/s)

b - bed porosity (-)

dp- catalyst particle diameter (m)

b – bed apparent density (kg/m3)

SR – (empty) reactor cross section area (m2) 
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Example

Consider the oxidation of CO and C3H6 in a catalytic converter

containing spherical catalyst pellets with particle radius 0.175 cm (0.05

mass % Pt on Al2O3). The initial composition of gas mixture is 2 % mol

CO, 3 % O2, 0.05 % C3H6 + N2, total initial molar flow rate is between

0.1 – 2.0 mol/s. Converter has the diameter 10 cm and volume 4.3

litres. Bed porosity is 0.4 and catalyst bed density is 1100 kg/m3. The

reactions of interest are
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Discussion: internal x external mass and heat transfer 



Ammonia synthesis catalytic reactor
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Heat flux
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1-D pseudo homogeneous model with axial dispersion

Boundary conditions

Dimensionless form



2-D pseudo homogeneous model with axial and radial dispersion

Balance element of volume



Balance equations

Boundary and initial conditions



Fluidized bed catalytic reactor
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14. Industrial chemical reactors
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